Metallic glasses are metals which have an amorphous structure, and they are void of defects such as dislocations which weaken conventional crystalline metals. The ability to perform net-shape forming of components with very fine features make metallic glasses a suitable candidate for applications in the micro-electro-mechanical systems (MEMS), nano-electro-mechanical systems (NEMS), data storage, and biomedical equipment industries. 1, 2 From a continuum-based modeling perspective, one important issue which is still unresolved is the appropriate plastic yield criterion and flow rule which governs the behavior of metallic glasses. Experimental investigations of Pd and Zr-based metallic glasses [3] [4] [5] have shown that these are governed by either the von Mises or Mohr-Coulomb yield criterion. The discrepancy in these experimental findings is probably due to the insufficient size of the test samples. At low-homologous temperatures, one example of experiments on bulk Zr-based metallic glass samples was performed by Bruck et al. 6 suggesting that metallic glasses are governed by the von Mises yield criterion. Additionally, at lowhomologous temperatures, the big drawback in ascertaining the appropriate yield criterion through experimental effort is due to the difficulty in determining the actual yield point of metallic glasses, since the samples easily undergo inhomogeneous deformations and shear banding/localization. 7 Computationally, the yield behavior in metallic glasses was investigated in, e.g., Schuh have shown that with the right values of material parameters, a Drucker-Prager (or pressure-sensitive von Mises) plastic yield criterion is also able to accurately reproduce the yield locus determined from Schuh and Lund. 8 The Mohr-Coulomb 10 model is able to accurately predict the experimentally observed shear band orientations in metallic glass samples under different loading conditions, e.g., simple tension/compression, plane-strain tension/compression, indentation, etc. However, the pressure-sensitive von Mises models of Zhao and Li 11 and Ruan et al. 9 are also able to accurately reproduce the shear band orientations under the same loading conditions. In their work, Zhao and Li 11 and Ruan et al. 9 also provide physical reasons to justify their choice of using a Mises-type yield criterion and flow rule to model the plastic behavior of metallic glasses. Recently, data obtained from molecular dynamics (MD) simulations based on a Dzugotov potential have shown that the plastic yield in metallic glasses is governed by a Mohr-Coulomb criterion. 12 Hence, in our opinion, the issue of the appropriate plastic yield criterion and flow rule which best describes the plastic behavior of metallic glasses is still unresolved.
To resolve this issue, we will conduct our own molecular dynamics simulations for selected boundary value problems, and use the stress-strain data obtained from these simulations.
To ascertain the suitable continuum plastic yield criterion and flow rule which governs metallic glass behavior, we set out to determine the stress-strain responses of the Cu 46 Zr 47 Al 7 metallic glass system 13 in uniaxial tension/compression and plane-strain tension/compression via MD simulations. The Cu 46 Zr 47 Al 7 metallic glass system has a glass transition temperature, h g % 700 K. from 300 K to 2500 K and then cooled down at a constant cooling rate of _ h c to the testing temperature of h t ( h g . The MD simulations were performed within an NPT ensemble, and the temperature was controlled using the Nose-Hoover thermostat.
It is more convenient to determine the true state of stress at an arbitrary material point within a sample if the sample is deforming homogeneously. Since metallic glass specimens have a strong propensity to form shear bands during testing at low-homologous temperatures, special steps were taken to prepare the metallic glass samples so that they will only undergo homogeneous deformations in the simulations, and these include: (a) choosing an appropriate sample cooling rate _ h c so that prior to testing, the samples have an initial free volume which is significantly higher than the fully annealed free volume at test temperature h t , and (b) deforming the samples at a temperature h t which is not too low. For our numerical experiments, we have chosen _ h c ¼ 1 K=ps and h t ¼ 300 K. Appropriate periodic boundary conditions are also applied on the samples so that shear offsets would not develop in the samples.
Uniaxial tensile/compression loading is applied at a constant absolute strain rate of _ e ¼ 4 Â 10 8 s À1 . For plane-strain loading, the deformation is applied at a constant absolute strain rate of _ e ¼ 2 ffiffi ffi 3 p Â 10 8 s À1 in order to ensure that the same rate effect is studied under both types of deformation. In the case of plane-strain loading, the deformation is additionally constrained in one direction. For more information regarding the MD simulations and sample preparation technique, please refer to the supplementary material.
15 Figure 1 shows the initially undeformed cube-shaped amorphous metallic glass sample after the cooling process used in the MD simulations of the mechanical testing, and it comprises of 700 000 atoms. The sample has initial dimensions of 23 nm by 23 nm by 23 nm. The MD simulations were performed until a perfectly plastic stress-strain response is obtained, i.e., steady-state conditions are achieved.
Note that previous studies 8, 12 use the yield point in their stress analysis to determine the appropriate yield criterion for metallic glasses in which the yield point is determined by the use of the strain offset method. 16 This method is generally used to determine the yield point of metallic glasses because the transition from elastic to elastic-plastic deformation is very smooth and not very discernable from the stress-strain response. To circumvent the shortcomings 12 of the strain offset method, we choose to use the stress data at steady-state flow in our subsequent analysis because its value can be very easily determined from the stress-strain data. Furthermore, unlike the yield point or peak stress level, the steady-state stress value is insensitive to sample preparation conditions such as annealing time, cooling rate, etc., cf. the experiments in Ref. 17 and supplementary Figure S2 .
15 Figure 2 shows the absolute-valued stress-strain curves for the Cu 46 Zr 47 Al 7 metallic glass system in uniaxial tension/compression and plane-strain tension/compression at 300 K under isothermal conditions. For the uniaxial tension/ compression simulations, only the applied (or loading) stress response is shown, whereas the loading and constraint stress responses are shown for the plane-strain tension/compression simulations. From the perfectly plastic (or steady-state) stress-strain responses shown in Figure 2 (whose values are tabulated in Table I as well as in detail in supplementary  Table SI 15 for convenience), two very important trends are observed:
• Trend 1: The loading stress in plane-strain tension/compression is markedly different and higher than the loading stress in uniaxial tension/compression. • Trend 2: The constraint stress in plane-strain tension/ compression is very close to one-half of the loading stress in plane-strain tension/compression.
It is worth noticing that the obtained tensioncompression asymmetry of 7%-9% in the molecular dynamic simulations of the Cu 46 Zr 47 Al 7 metallic glass system agrees well with experimental observed tensioncompression asymmetries in the range of 7%-10% for different metallic glass systems. [18] [19] [20] Generally, the plastic flow rule associated with the pressure-sensitive von Mises yield criterion is called the von Mises plastic flow rule, whereas the plastic flow rule associated with the Mohr-Coulomb yield criterion is referred to as the double-shear plastic flow rule. In the next paragraph, the suitability of a pressuresensitive von Mises plastic yield criterion and a von Mises plastic flow rule versus a Mohr-Coulomb yield criterion and a double-shear plastic flow rule, in quantitatively verifying trends 1 and 2, is discussed.
The material parameters in the von Mises and Mohr-Coulomb yield criteria are fitted to the uniaxial tension and compression data from the molecular dynamic simulations, whereas the data obtained from the plane-strain tension and compression simulations are used for independent prediction.
With integers a ¼ 1, 2, 3, let T a , D a , and D p a denote the principal values of the Cauchy stress, total stretching rate, and plastic distortion rate, respectively, along principal axis a. Principal axis 1 represents the loading direction. For the plane-strain tension/compression cases, principal axes 2 and 3 represent the constraint and free directions, respectively. For simplicity, we assume that the deformation is isochoric, i.e.,
The analysis performed is restricted to homogeneous deformations of the sample.
From experimental data, it is ascertained that the deformation behavior of metallic glasses at temperatures well below the glass transition temperature is virtually rate-insensitive over a broad range of strain rates. 21, 22 Therefore, we obtain the following pressure-sensitive von Mises (or Drucker-Prager) plastic yield criterion by taking the rate-dependent plastic shear strain kinetic equation of Thamburaja 23 and Bargmann et al.
24
in the rate-independent limit
where the equivalent shear stress
and the hydrostatic pressure
The quantity s ¼ŝðfree volumeÞ > 0 denotes the total resistance to plastic deformation, and f is the free volume creation coefficient. Equation (1) reduces to the classical von Mises yield criterion if f ¼ 0.
For the simple tension/compression cases,
The values for the free volume creation coefficient f and the total resistance to plastic deformation s at steady-state are obtained by substituting the values of the MD-determined steady-state stresses in simple tension and compression (see Table I 
see Refs. 23 and 24. The quantity
represents the plastic shearing rate. Thus, we obtain
for the plane-strain tension/compression cases, since _ c > 0 and s > 0 during plastic deformation. Hence, under steadystate plane-strain conditions, the constraint stress is always one-half of the loading stress for a material governed by a von Mises plastic flow rule. This agrees very well with the results of our MD simulations for the plane-strain tension/ compression cases, cf. Table I .
Finally, the loading stress T 1 and the constraint stress T 2 for the plane-strain tension/compression cases at steady-state are calculated by substituting T 2 ¼ 1/2 T 1 and T 3 ¼ 0 into Eq. (1)
where the þ sign is for plane-strain tension and the À sign is for plane-strain compression. I. The steady-state stresses obtained from the MD simulations. Further, the theoretical steady-state stresses determined from the von Mises plastic yield criterion and flow rule and the Mohr-Coulomb yield criterion and the double-shear plastic flow rule are listed. The former predicts the stress results obtain from MD simulations very well, whereas the latter does not map them. Notation: L Á : loading stress; C Á : constraint stress; r Á ¼ C Á /L Á : ratio of constrained to loading stress; NA: not applicable; and ID: indeterminable. 
